We investigate the possibility that α s freezes as function of N f within perturbation theory. We use two approaches -direct search for a zero in the effective-charge (ECH) β function, and the Banks-Zaks (BZ) expansion. We emphasize the fundamental difference between quantities with space-like vs. those with time-like momentum. We show that within the ECH approach several space-like quantities exhibit similar behavior. In general the 3-loop ECH β functions can lead to freezing for N f > ∼ 5, but higher-order calculations are essential for a conclusive answer. The BZ expansion behaves differently for different observables. Assuming that the existence of a fixed point requires convergence of the BZ expansion for any observable, we can be pretty sure that there is no fixed point for N f < ∼ 12. The consequences of the Crewther relation concerning perturbative freezing are analyzed. We also emphasize that time-like quantities have a consistent infrared limit only when the corresponding space-like effective charge has one. We show that perturbative freezing can lead to an analyticity structure in the complex momentum-squared plane that is consistent with causality.
Introduction
The running of the strong coupling constant x(Q 2 ) = α s (Q 2 )/π at large momentum transfers Q 2 is well determined by the 1-loop perturbation theory result:
where
and Λ is the QCD scale. Naively this leads to a divergent coupling at Q 2 close to Λ (a "Landau pole"). However, higher-order terms, as well as non-perturbative effects are expected to alter the infrared behavior and remove the divergence from any physical quantity.
It was suggested in the past, in various contexts [1] - [7] , that infrared effects in QCD can be partially described using a coupling constant that remains finite at low-energies. A finite coupling in the infrared limit can be achieved in many ways without altering too much the ultraviolet behavior, which is well described by perturbation theory. In the dispersive approach [4, 5] , for instance, the "Landau-pole" is removed by power corrections, and therefore the infrared coupling is essentially non-perturbative. On the other hand, it is possible [8] that the coupling constant freezes already within perturbation theory, due to a zero in the β function induced by the 2-loop or higher-order corrections. Such a perturbative infrared fixed point clearly occurs if the number of light fermions is just below N f = 16 1 2 [8] .
Phenomenological studies, such as [1] and references therein, show that a couplingconstant that freezes at low energies may be useful to describe experimental data. But there is no general theoretical argument why QCD should lead to freezing. On the contrary, the general belief, which is supported by lattice simulations [9] and other approaches [10] , is that for small N f (and for pure Yang-Mills in particular) there is no infrared fixed point. One appears only for large enough number of fermions. Thus there is some critical N crit f (0 < N crit f < 16 1 2 ) such that a fixed point exists only for N f > N crit f . The common lore is that below N crit f the theory is in a confining phase, with spontaneously broken chiral symmetry [11] and that the existence of an infrared fixed point is related to the restoration of chiral symmetry [10] .
The question of the infrared behavior of the coupling constant immediately brings up the question of scheme dependence. The coupling constant is in general not a physical quantity, and only the first two coefficients of the β function are schemeindependent. It is clear, therefore, that the infrared stability of the coupling is scheme-dependent, and so is its infrared limit value, when it exists. Observable quantities can be used to define effective charges. These are useful, because contrary to arbitrary renormalization schemes, perturbative freezing of the coupling constant in physical schemes can provide some indication of the existence of a fixed point in the full theory. Clearly, the perturbative analysis can be trusted only if it leads to freezing at small enough coupling constant values.
There are, in general, two techniques that have been used to study the infrared limit of a generic observable within perturbative QCD. The first is a direct search for a zero in the β function, in a renormalization scheme that is 'optimized' to describe the particular observable [1, 12, 13, 14] . The second is the Banks-Zaks (BZ) approach [8, 2, 6, 15] .
The 'optimized scheme' approach refers to a scheme in which one hopes that higher order corrections to the observable under consideration are small. In this case the fact that one is using a truncated series for the observable and a truncated β function is hopefully insignificant. In particular, two schemes have been used to study freezing: the Principle of Minimal Sensitivity (PMS) [17] , and the method of Effective Charges [16] . A detailed analysis of the infrared behavior based on the 'optimized scheme' methodology was conducted in ref. [1] for total hadronic cross section in e + e − annihilation (R e + e − ), in ref. [12] for R e + e − and for the τ lepton hadronic decay ratio (R τ ), in ref. [13] for the Gross-Llewellyn Smith (GLS) sum rule for neutrino-proton scattering and in ref. [14] for the derivative of the hadronic decay width of the Higgs.
The Banks-Zaks (BZ) approach [8] originates in the observation that in a model where the number of light quark flavors is just below N * f = 16 1 2 (which is the critical value of N f at which β 0 changes sign), the perturbative β function (see eq. (3) below) is negative for very small values of the coupling constant, but due to the 2-loop term it immediately crosses zero and becomes positive. This perturbative infrared fixed point occurs at x F P ≃ −1/c ≡ −β 0 /β 1 , where β 1 is the 2-loop coefficient of the β function * . x F P −→ 0 as N f approaches N turbation theory, which attracted much interest recently, is the so-called "dispersive approach" or "analytic approach" [5, 4] . The idea is to construct a time-like distribution by performing an analytic continuation of the running coupling constant, and then use a dispersive integral to define an effective space-like coupling that is free from spurious singularities such as a "Landau-pole". The main purpose of this paper is to examine all the evidence for the existence of a perturbative fixed point in physical renormalization schemes and its dependence on N f . We use both the 'optimized scheme' methodology and the BZ approach and study several different observables in order to get a global picture. We discuss relations between different physical quantities, such as the Crewther relation [21] , and study their implication of perturbative freezing. We show and analyze the difference between quantities defined with space-like momentum and those with time-like momentum.
This paper is composed of three main sections. The first (Sec. 2) is devoted to the 'optimized scheme' methodology and the second (Sec. 3) -to the BZ expansion. In third section (Sec. 4) we discuss infrared behavior of time-like quantities. The main conclusion are given in Sec. 5 .
The 'optimized scheme' part starts with a brief introduction on scheme dependence and optimized schemes in QCD (Sec. 2.1), followed by a computation and a discussion on the second renormalization group (RG) invariant (ρ 2 ) for various timelike and space-like quantities (Sec. 2.2). In Sec. 2.3 we analyze the consequences of the Crewther relation regarding perturbative freezing. In Sec. 2.4 we examine the numerical proximity in ρ 2 for several space-like quantities. In Sec. 2.5 we analyze stability of the fixed point in the R e + e − effective charge in the 'optimized scheme' approach. The main conclusions of Sec. 2 are given in Sec. 2.6.
The BZ section (Sec. 3) starts with a short introduction of the idea and the essential formulae (Sec. 3.1). We then present the BZ expansion in MS (Sec. 3.2), followed by an analysis of the BZ expansion for time-like quantities (Sec. 3.3) and a calculation of the BZ series for various quantities (Sec. 3.4) . The consequences of the Crewther relation are given (Sec. 3.5) and finally we discuss the BZ expansion for the derivative of the β function at the fixed point (Sec. 3.6). The conclusions from combining the analysis of Sec. 2 and Sec. 3 are given in Sec. 3.7.
In Sec. 4 we examine consistency of the perturbative approach and the "analytic" approach for describing the infrared region of time-like observables, such as R e + e − . In Sec. 4.1 we shortly review the dispersive relations between the vacuum polarization and R e + e − . In Sec. 4.2 we examine the analyticity structure of the D-function resulting from perturbation theory and show that it can be consistent with the one expected from causality only if the running coupling freezes. In Sec. 4.3 we examine the analytic perturbation theory approach.
2 Fixed Points from 'Optimized Schemes' 2.1 Scheme Dependence and 'Optimized Schemes'
We start by introducing the notation for the QCD β function,
where β 0 is given in (2), the two loop coefficients is [22, 23] :
and higher-order coefficients c 2 , c 3 , · · · depend on the renormalization scheme, and are given in MS by [24, 25] : 
where ζ n is the Riemann zeta function (ζ 3 ∼ = 1.202, ζ 5 ∼ = 1.03693).
A generic physical quantity in QCD can be written in the form of an effective charge:
where x = α s /π depends on the renormalization scheme and scale. Specifying the expansion parameter x amounts to choosing all the coefficients of the β function (c i , i ≥ 2) and then setting the renormalization scale. Consistency of the perturbative expansion (7), together with the RG equation (3), requires the invariance under RG of the following quantities for a given QCD observable [16] :
at first order, and
at second and third orders, respectively. Similar quantities can be defined at higherorders [16] . At any finite order, a perturbative calculation has some residual renormalization scheme dependence. In the infrared limit, the coupling constant in different schemes can either diverge or freeze to a finite value. Therefore, the very existence of an infrared fixed point in a perturbative finite order calculation for any QCD quantity is scheme dependent. Of course, so is the value of the infrared coupling, when it is finite.
Although theoretically any scheme is legitimate, in practice the choice of scheme is important even far from the infrared limit: there are schemes in which the perturbative series (or the β function series) diverges badly and there are schemes in which a finite order calculation yields a good approximation to the physical value. In the following we shortly review two special schemes -the method of Effective Charges (ECH) [16] and the Principle of Minimal Sensitivity (PMS) [17] . These schemes are 'optimized', in the sense that the coefficients of the β function, as well as the renormalization scale, are set in a way suited to describe a specific QCD observable. As mentioned in the introduction, it was conjectured in the past [1, 12, 13, 14] that perturbative calculations in these schemes can be meaningful down to the infrared limit, although, of course, the infrared values do not directly correspond to the measurable physical quantities, which are governed by non-perturbative effects. For R e + e − it was demonstrated [1] that if the experimental data are "smeared", they can be fitted by the perturbative result in the PMS † scheme down to low energies. The ECH method [16] is based on using the actual observable effective charge as a coupling constant: x ECH ≡ x eff . One way of achieving this is by choosing the renormalization scale and the renormalization scheme, i.e. the coefficients of the β function, such that all the coefficients r i in eq. (7) are exactly zero ‡ . It is easy to see that in this scheme, the coefficients of the β function are simply the invariants ρ i listed in (9) 
= ρ 3 , and so on. Thus, in order to find the value of the effective charge at the fixed point in a finite order calculation in the ECH scheme, one just looks for real positive solutions for the equation β ECH (x) = 0. For example, at the three-loop level one has:
One further requirement is, of course, that x eff at the fixed point will be small enough, so that the perturbative expansion will be trustworthy down to the infrared limit. It is clear that if c is negative and in particular if the c term dominates over the ρ 2 term, there will be an infrared fixed point at approximately x eff ∼ −1/c = −β 0 /β 1 . This is indeed the case in QCD with N f just below N f = 16 1 2 which is the critical value at which β 0 = 0. This is the starting point for the Banks-Zaks approach, to which we shall come back in Sec. 3. However, the physically relevant values for c are always positive (c is positive for N f < 8.05). Then a real positive solution for eq. (10) can only originate from a negative ρ 2 .
The PMS method [17] is based on using a renormalization scale and scheme which is the least sensitive to a local change in the RG parameters. For instance, at † See Sec. 2.5 and Sec. 4 for a discussion on the applicability of the PMS/ECH methods to R e + e − . ‡ There are other choices possible at higher orders [12] . For instance at the three-loop order one can choose r 1 + r 2 x = 0. These different possible schemes coincide at the fixed point.
the three-loop order, x eff depends on two free parameters, which can be chosen to be the coupling x and c 2 . Thus the renormalization scheme dependence of x eff can be studied from the shape of the two dimensional surface of x eff = x eff (x, c 2 ). The PMS scheme corresponds to a saddle point on this surface at which
and
The resulting equation, based on the condition β PMS (x) = 0, is [1] :
and after solving the equation for x PMS one substitutes it in (7) to get the value of x eff at the fixed point. Here, like in the ECH case, eq. (13) has a real and positive solution for a positive c and a negative ρ 2 . However, unlike the ECH case, here there is still a window for a small positive ρ 2 (0 < ρ 2 < c 2 /4), in which eq. (13) has a positive solution. In practice c is relatively small, and the conditions for the existence of a fixed point at the three-loop order are very similar in the ECH and PMS schemes. For both the ECH and PMS methods, the perturbative fixed point from the three-loop order analysis occurs at small coupling, provided ρ 2 is large and negative. It was also found in [1, 12, 13] that the value of x eff at the freezing point is somewhat lower in the PMS method than it is in the ECH case.
The Second RG-invariant for Time-like and Space-like Quantities
We saw that the existence of a perturbative fixed point in the ECH/PMS approach at the three-loop order depends crucially on the sign of ρ 2 . The fixed point found this way can only be considered reliable if it occurs at small enough value of the coupling -and this in turn depends on the magnitude ρ 2 . Therefore, the calculation of ρ 2 is the first step in analyzing the perturbative infrared behavior of a QCD effective charge at the three loop level.
In fig. 1 we present ρ 2 as a function of N f for several QCD observables:
1) The Bjorken sum rule for the deep inelastic scattering of polarized electrons on polarized nucleons, defined by
with the perturbative result at NNLO from ref. [28] .
2) The Bjorken sum rule for deep-inelastic neutrino nucleon scattering,
with the perturbative result at NNLO from ref. [29] .
3) The Gross-Llewellyn Smith sum rule (GLS) for neutrino proton scattering,
with the relation to the coefficients of the polarized Bjorken sum rule given by [28] :
where the difference between the 3-loop coefficients of the two observables in (20) is due to the light-by-light type diagrams.
4) The vacuum polarization D-function (not a directly measurable quantity) defined as the logarithmic derivative of the vector current correlation function Π(Q 2 ), with a space-like momentum
with the perturbative result at NNLO from ref. [30] . In (22) we ignored the contribution from the light-by-light type diagrams which is proportional to
The corresponding diagrams contribute to x D starting at threeloops:
. We are interested in studying a purely QCD phenomenon, and therefore it is inconvenient to include these terms which involve also the electromagnetic interaction. However, it is still interesting to see whether this neglected contribution influences our conclusions concerning the infrared behavior. We will study this issue indirectly by comparing the results for the Bjorken polarized sum rule to those for the GLS sum rule, since (cf. (20) )
5) The total hadronic cross section in e + e − annihilation (again neglecting the lightby-light terms), defined by
The perturbative coefficients of R e + e − can be related to those of the vacuum polarization D-function, by using the dispersion relation (see Sec. 4). The relations are [26] :
For our purpose, it is convenient to write the relations between the corresponding RG invariants ρ i defined in (9):
6) The τ lepton hadronic decay ratio R τ , defined by [31] ,
and where (γ) indicates possible presence of photons in the final state. The perturbative coefficients of r τ are also related to those of the vacuum polarization D-function, as follows [31] : 7) The static potential, defined by [32] V (q
where q 2 is the three-momentum squared, corresponding to the spatial separation r between the quark and the anti-quark, and where
The static potential was recently calculated [32] up to order O(α 3 s ).
8) The derivative of Γ H , the Higgs hadronic decay width, defined by [33] 
where M H is the Higgs mass, which is assumed to be much larger than the quark masses. x H was recently calculated [33] up to order O(α b) There is a surprising numerical proximity between ρ 2 for several different spacelike quantities: this includes the vacuum polarization D-function, the GLS sum rule and the polarized and non-polarized Bjorken sum rules, but not the static potential. The proximity is particularly evident for N f ≤ 5. This issue and its relation to the ideas of ref. [18] are further discussed in Section 2.4.
c) For the space-like quantities (except the static potential) ρ 2 becomes positive for N f < ∼ 4, and thus according to the ECH/PMS approach at this order there is no fixed point for these values of N f .
d) The static potential behaves differently from the other space-like quantities. ρ h) The second coefficient of the β function in MS (c 2 ) is not close to those of the effective charge schemes (ρ 2 ).
Let us briefly discuss the question of freezing of x H , the effective charge defined from the derivative of the Higgs decay width, as we believe it can teach us a general lesson. Naively, the fact that ρ H 2 is negative and large means that there is an infrared fixed point at a rather small x H value. For instance, for N f = 3, ρ H 2 ≃ −57.6, and thus the ECH β function (see eq. (10)) has a zero at x F P H ≃ 0.15. Now, since the value of x F P H is small, one could further conclude that the perturbative analysis is reliable. But is this really the case? This issue was discussed in detail in ref. [14] , where is was conjectured that this fixed point is spurious, and that the perturbative series breaks down at NLO in this case. In general, the fact that ρ 2 x 2 becomes equal to the leading terms 1 + cx does not immediately imply breakdown of the perturbative series ¶ . It is still possible that ρ 3 x 3 (and maybe a few higher order terms) will be smaller than ρ 2 x 2 , while the asymptotic nature of the series will take over at some higher order (for a recent review see [41] ). Since the next order term for x H is now available [33] 2 before ρ 2 x 2 becomes larger than the leading terms 1 + cx. This confirms that the conjecture in ref. [14] that the fixed point in x H (for a small N f ) is a spurious one and that the series breaks down at NLO. It is clear that all-order resummation is essential in this case. The general lesson is that one should exercise extreme caution when looking for a fixed point in a finite order calculation. The NNLO analysis of the existence of a fixed point in the ECH/PMS schemes is based on the assumption that |ρ 3 x F P | < |ρ 2 |, which may turn out to be wrong. Now we proceed to consider other quantities: in fig. 2 we present the ECH value of the effective charges at freezing obtained through solving eq. (10), for the D-function and for the related time-like quantities: R e + e − and R τ . Of course, this calculation can only be meaningful if ρ 2 < 0. From (10) are rather small in the region N f ≤ 8, where the three loop contribution is important for freezing. For higher value of N f , freezing is induced by the two loop β function, which is invariant, and the differences in ρ 2 almost do not alter the value of the effective charge at freezing. ¶ If that was the case, then 'perturbative freezing' would have been a meaningless term.
In fig. 2 we show the PMS result for the D-function only. The PMS results for the effective charge at freezing are somewhat lower than the ECH result (in accordance with [1, 12] ) but the general picture is the same.
Purely perturbative effective charges, at any order in perturbation theory, can in principle diverge in the infrared, independent of whether or not the full theory has an infrared fixed point. A priori, it is also possible for different effective charges to have a totally different perturbative infrared behavior for a given N f . In particular, it is possible that there will be a "Landau-pole" in one effective charge x a , while another effective charge x b will exhibit perturbative freezing. Still one could write a power expansion of x b in term of x a (and vice-versa) [18, 20] . One would then expect such an expansion to be divergent. However, in practice the numerical proximity between the ρ 2 coefficients for several different space-like effective charges suggests that the expansion of x a in terms of x b is at least close to being convergent (See Section 2.4). It seems that the different space-like effective charges considered above (excluding x V ) are so closely related that perturbative freezing could only occur for all of them together or -for none.
Freezing and the Crewther Relation
The only example where one can explicitly verify our conjecture about simultaneous perturbative freezing of different quantities is the Crewther relation [21] . This is an all-order relation between the vacuum polarization and the polarized Bjorken sum rule. In terms of effective charges it can be written as
where the β function is defined in (3), S(x) is a power series in the coupling constant
and S i depend on N f and N c . Writing the effective charges as power series (eqs. (15) and (23)) one obtains a relation between the coefficients k i of x Bj and d i of x D , as follows:
From the knowledge of the 3-loops coefficient of the Bjorken sum rule [28] and the vacuum polarization [30] we can obtain S 1 and S 2 :
where S 2 is scheme dependent and is given here in MS . The term on the r.h.s. of eq. (35) is scheme-invariant, but β(x) and S(x) are separately scheme dependent. If x D has a perturbative fixed point x F P D , then it is convenient to write the r.h.s. of (35) . Therefore x Bj also freezes perturbatively, leading to the original conformal Crewther relation:
The argument works, of course, in both directions, i.e. if the Bjorken effective charge freezes, then the D-function will also freeze to the value:
Note that (35) allows a situation in which both x D and x Bj diverge in the infrared limit.
We shall use the Crewther relations in the following section, where we study the numerical proximity of ρ 2 between various space-like quantities, and also later, in conjunction with the BZ approach.
Numerical proximity of ρ 2 for different space-like quantities
In this section we study the numerical proximity between the ρ 2 invariants for the various space-like quantities ( fig. 1 ) mentioned in Section 2.2. The values of ρ The numerical proximity between ρ 2 for the GLS sum rule and ρ 2 for the Bjorken polarized sum rule is obvious, as they differ only by the light-by-light diagrams at 3-loops level, giving rise to a small contribution, proportional to N f . This difference of course vanishes exactly for N f = 0. Therefore, we focus on the three remaining quantities: the vacuum polarization D-function, and the polarized and non-polarized Bjorken sum rule.
It is interesting that this difference becomes important in the framework of the BZ expansion, as we discuss in Sec. 3.4 . One's initial guess is to suspect that the similarity between ρ 2 for the Bjorken polarized sum rule and ρ 2 for the vacuum polarization D-function is due the Crewther relation (see Sec. 2.3). We show below, however, that this numerical agreement is a second "miracle", on top of the Crewther relation.
The numerical agreement between ρ We now investigate further the numerical proximity of ρ Table 1) * * , second, it is interesting to see to what extent this numerical proximity is related to the Crewther relation.
From (9) and (37) we get:
where d 1 is defined in (23) and S 1 and S 2 are given in (38) and (39) . Note that both d 1 and S 2 depend on the renormalization scheme and scale, but in such a way that ρ 
(43)
Numerically, we have: The "miracle" is in the numerics! In (43) one finds all the irrational numbers that enter the three loop calculation ζ 3 , ζ 2 3 and ζ 5 . Each of the terms separately is of order 1 to 10, but they combine to give a tiny sum.
It is important to note that there is nothing special in the N f = 0 case considered above. In order to get a more general view of the relative magnitude of difference ρ Bj 2 − ρ D 2 , we consider the normalized difference R defined by:
R is plotted in fig. 4 It is tempting to think that there is a deeper reason for the numerical proximity, and that higher order ECH coefficients (ρ i for i > 2) for different quantities are also close. In this respect it will also be interesting to know the fundamental reason why ρ V 2 is so different than ρ 2 for the other space-like quantities.
Next we discuss the relation between the assumption that ρ i for different observables are close to one another, and the work by Brodsky and Lu [18] on commensuratescale relations between observables. In [18] (see also [20] ) it was suggested to express one effective charge (x b ) in terms of another (x a ), and then choose the scale of x a according to the BLM criterion [19] . In [18] it was found that the coefficients in the expansion x b = x b (x a ) are both much simpler than the ones in some arbitrary scheme (like MS ), and are numerically small. Let us see what are the conditions for the coefficients in such an expansion to be small. We start with the expressions for two generic effective charges in some scheme:
and express x b in terms of x a :
where m i depend on r 
and higher-order coefficients can be expressed entirely in terms of ∆ and of the higher-order invariants ρ 
∆ can be tuned by changing the scale of x a , while the scale of x b is kept fixed. In particular, there are choices of scale for which ∆ is small, such as the leading-order BLM scale [19, 18] , which eliminates all β 0 terms from ∆, or, simply the choice ∆ = 0 † † . A small ∆ is, however, not enough to guarantee small higher-order m i coefficients. The latter will be small only if δ i are also small. One practical conclusion from this discussion is that relating x D , x Bj , x GLS and x F 1 to one another as suggested in [18] will probably lead to more accurate results than some generic scheme. However, relating any of the above to x V is disfavored.
This concludes our discussion on the numerical proximity of the ρ 2 coefficients for space-like effective charges. Next, we briefly discuss the possibility of applying the 'optimized-scheme' approach to study the infrared limit of time-like effective charges.
2.5 The reliability of the "fixed point" in R e + e− from ECH In this section we study further the 'optimized scheme' approach applied directly to the R e + e − effective charge, along the lines of ref. [1, 12] . We consider specifically the case N f = 3 at the three-and four-loops order, and try to estimate the reliability of the ECH analysis in the infrared. A deeper study of time-like quantities in the context of freezing is postponed to Sec. 4.
The 'optimized scheme' approach was found to be unreliable when applied directly to time-like quantities in another context, by Kataev and Starshenko [34] . They found that the ECH and PMS methods for estimating the next term in a series * when applied directly to two-and three-loop series for time-like quantities such as R e + e − , do not predict the correct structure of the terms that result from the analytic continuation (the situation is similar for Padé approximants). The solution of [34] is to predict the coefficients of the space-like D-function and use the exact relations (27) to obtain the coefficients of the time-like quantity. One will naturally expect that if PMS and ECH fail in predicting the next terms when applied directly to the time-like quantities, they should not trusted for studying the infrared limit of these quantities. Nevertheless, it may still be instructive to see what one obtains in this approach. † † An advantage of the first over the latter is that in the first the scale does not depend on the number of light flavors, and thus observables cross the quark thresholds together. This issue is discussed in detail in ref. [18] .
* These methods are based on the assumption that the next, uncalculated coefficient in the ECH/PMS β function, is close to zero Considering eq. (28) Taking as an example QCD with N f = 3, we examine the ECH β function for the D-function and R e + e − :
The two loop coefficient is invariant: c = † . One could alternatively try to use either PMS/ECH directly for the R e + e − (i.e. assume ρ R 2 = 0, instead of assuming ρ D 2 = 0) or apply the PA's method directly for the R e + e − series. However, as we already mentioned, the resulting predictions do not agree between the different methods and do not contain the correct π 2 terms [34] and are therefore not reliable.
We conclude that ρ ‡ which is compared in fig. 2 with the three-loop ECH result x F P R ≃ 0.38 (or the three-loop PMS results x F P R ≃ 0.30). We therefore conclude that the ECH (or PMS) methods fail in predicting the infrared limit of the perturbative result in this case. The reasons for this will become clear in Sec. 4 .
A remark is in order concerning the Higgs decay width effective charge x H , which is also a time-like observable, and therefore contains π 2 terms that result from the † The authors of [34] obtained a sightly larger value: d 3 = 27.5. The difference is due to the additional assumption taken in [34] analytical continuation. In principle, the problem discussed above should appear in this case as well. However, contrary to the case of x R or x τ , the numerical significance of these terms in the x H series is rather small (compared to other contributions at the same order) and therefore our previous conclusions concerning x H hold.
Conclusions
We analyzed here the freezing of the QCD effective charge for various quantities by looking for a zero in the corresponding ECH (or PMS) β function.
We found a clear distinction between time-like and space-like quantities. For several space-like quantities we found that the numerical values of the second RG invariant are quite close, especially for a small N f . This suggests that the different quantities are closely related. It is tempting to conjecture that this will be reflected in numerical proximity of ρ 3 and higher-order coefficients of the corresponding ECH β functions. We also expect that when perturbative freezing occurs, it will occur together for the various quantities. This is clearly true for the D-function and the Bjorken polarized sum rule, due to the Crewther relation. For other quantities, such as the Bjorken non-polarized sum rule, this is just a conjecture.
For the space-like quantities (except for the static potential) it seems possible that there is a fixed point for N f > ∼ 5, while there is no indication of freezing below N f < ∼ 5. Absence of a perturbative fixed point at the three-loop level does not necessarily mean that it does not exist. It simply means that one should consider higher-order correction to answer this question. On the other hand, presence of a fixed point at the three-loop level, does not guarantee that it will persist at higher orders.
In Sec. 3 we look for more clues for or against the relevance of perturbative freezing, by studying the Banks-Zaks expansion of these quantities.
For time-like quantities, a naive application of the PMS/ECH approach indicates a perturbative fixed point even when the corresponding space-like quantity does not freeze. On the other hand we identified an instability of the predicted effective charge value at freezing. This result is a first indication of the inconsistency of the approach, as discussed further in Sec. 4.
The Banks-Zaks Expansion Approach

The BZ fixed point
We start this section by summarizing the basics of the BZ expansion [8, 6, 15] for the location of the fixed point.
As is mentioned in the introduction, the BZ expansion is an expansion in (N * f − N f ), i.e. the "distance" from the critical value N * f = 16 1 2 down to lower values of N f . It is convenient to use the expansion parameter [15, 6] :
Since a 0 is linear in N f , it is straightforward to rewrite the β function coefficients β i = β 0 c i as polynomials in a 0 , obtaining (cf. (2), (4)- (6)):
where explicit expressions for c i,j in MS are given in ref. [6] . The next step is to solve the equation β(x) = 0, yielding an expression for x F P . With the 2-loop β function, one obtains:
From (57) it is clear that x F P is asymptotically proportional to a 0 , and therefore we look for higher-order solutions x F P , in the form of a power expansion in a 0 :
Assuming that a fixed point exists, one then substitutes (58) in the equation β(x) = 0, finding that u 1 is fully determined by the 3-loop coefficient of the β function, u 2 -by the 4-loop coefficient, etc. The formulae for the first three u i -s are: 
u 1 , u 2 , · · · depend on the renormalization scheme. One may be interested in studying the fixed point in some other scheme, related to the original one by
In particular, one may be interested in the fixed point in some physical scheme, in which case y is an effective charge corresponding to some measurable quantity. In order to obtain the appropriate expansion for the location of the fixed point y F P in the new scheme, one first writes the coefficients r i as polynomials in a 0 :
Next, one substitutes (61) and (58) in eq. (60), obtaining
It is important to note that the coefficients w i for a given effective charge y are free from any renormalization scheme ambiguities [15] , as scheme dependence cancels out between the u i and r i terms. This is expected on general grounds, since both y F P and a 0 in eq. (62) are physical quantities. This invariance can also be understood considering another possibility of obtaining the BZ coefficients: as a first step one calculates the ρ i renormalization scheme invariants (9) of the required effective charge. One then writes the coefficients ρ i as series in a 0 , similarly to (55) and (56), with the only difference that here also ρ i,i terms appear, for instance:
Finally, one calculates the BZ expansion for the value of x eff F P , directly from the ECH β function β(x eff ) = −β 0 x eff
to the way eq. (59) was obtained for the MS β function. The resulting BZ series is exactly equal to the one obtained in (63) using the BZ expansion in MS as an intermediate step.
The BZ Expansion in MS
Before using the BZ approach to study perturbative freezing for effective charges we consider the expansion in MS , where the coefficients of the β function are given by eqs. (2) and (4) through (6) . We are interested the range 0 ≤ N f < 16 1 2 , in which there is asymptotic freedom. We note that c is negative (leading to a fixed point at the two loop order) only for N f > 8.05; c 2 is negative only for N f > 5.84, and c 3 is never negative. This makes it clear that the MS coupling is not expected to freeze within the 4-loop calculation for N f ≤ 5.
In this situation we expect the BZ expansion to break down at a 0 ≃ 0.26 (corresponding to N f = 6). The coefficients of the BZ expansion are obtained directly from eq. (59), 
We see that the series is indeed ill behaved. For example, at a 0 = 0.26, the first three terms are roughly: 0.26, 0.0768, 0.409. In fact, the series seems to break down well above N f ∼ 6, but using only three terms it is difficult to estimate exactly where.
We conclude that at least for N f ≤ 6 the MS coupling does not freeze, and that the "Landau pole" behavior of the 1-loop coupling in the infrared, persists in MS when higher-order corrections are taken into account. But is this conclusion true to all orders? We think that the answer is positive: since the BZ expansion in MS seems to break-down already at the order O(a 3 0 ), it is hard to imagine how higher-order corrections could alter the situation. Still, it would be interesting to know how the BZ series behaves at higher orders.
One approach [27] is to use the information that can be obtained on the MS β function at higher-orders is from the large-N f limit. From the O(1/N f ) terms calculated in [27] one can obtain all the O(1/a 0 ) terms, denoted by c i,i−1 (cf. (54) - (56)). In ref. [27] it was found that they are small, and that their effect on the value of the fixed point (and thus also on the question of its existence) is small.
Another possibility is to use PA's [36] to estimate higher-order coefficients, and use them to calculate higher-order terms in the BZ expansion. Such an effort is now under way [37] .
BZ Expansion for Time-like Quantities
In Sec. 2 we found that the 'optimized scheme' approach does not give reliable results for the effective charge at freezing when applied directly to time-like quantities. As we show in Sec. 4, a consistent description of freezing for R e + e − or R τ exists only when the space-like D-function freezes, and then the infrared limits are expected to be the same for all three quantities:
This is a direct consequence of the expected analyticity structure of the D-function, which indeed holds when perturbative freezing occurs. The 'optimized scheme' approach, in general, does not obey this requirement, since the terms that are related to the analytical continuation from space-like to time-like momentum, change the ECH (or PMS) β function (see eq. (28)). Fig.  2 shows that the resulting difference between the values of the effective charges at freezing are insignificant above N f = 8. However, for N f < ∼ 8 these differences become larger. This can be interpreted as a sign that the three-loop results are not conclusively indicating freezing for these cases, which is true, but it is also related to the unjustified use of the ECH/PMS methods directly for time-like quantities.
The BZ approach, on the other hand, yields the same expansion for the three effective charges, the D-function, R e + e − and R τ , just as one expects from (67). It is straightforward to check this: from the relations between the coefficients of R e + e − (27) (or R τ (31) ) and those of the D-function, it is easy to obtain the relation between the corresponding coefficients of the different powers of a 0 for the two quantities, namely r i,j and d i,j (or τ i,j and d i,j ). The substitution of r i,j (or τ i,j ) in terms of d i,j into the formulae for the BZ w i coefficients (eq. (63)), gives the same w i coefficients as for the D-function. All the terms that result from the analytic continuation just cancel out between the different contributions, both for R e + e − and for R τ .
BZ Expansion for various quantities
In this section evaluate the coefficients in the BZ series for the fixed point in physical effective charges schemes for the various quantities discussed in Sec. 2.2.
The calculation is straightforward using eq. (63) and the three loop coefficients from refs. [28, 29, 30, 33, 32] . Thus we go directly to the results, followed by a discussion. In the next section we study the implications of the Crewther relation between x D and x Bj on the BZ expansion. Note that the O(a 4 0 ) coefficients cannot be explicitly calculated due to the lack of both the 5-loop coefficients of the β function and the 4-loop coefficients of the series for the different observables. 
2) For the non-polarized Bjorken sum rule: 
3) For the GLS sum rule: 
The conclusions are:
a) The BZ coefficients for x ). Estimation of the "radius of convergence" from the first few terms is difficult, but convergence of these series is not ruled out for any positive N f .
b) The BZ coefficients for x it is very difficult to estimate the "radius of convergence" from the first few terms since w 1 coefficient is especially small, while w 2 is rather large. For x F P H it seems that the series converges for a 0 < ∼ 0.36, corresponding to N f > ∼ 2. c) Clearly, w 2 for x F P GLS is large due to the three loop light-by-light term that makes the only difference (cf. (20) ) between the GLS sum rule and the Bjorken polarized sum rule, for which w 2 is small. It may be surprising at first sight that light-by-light contribution which usually just a small correction to the three loop invariant ρ 2 can make such a difference for the BZ expansion. The reason is basically the fact that the BZ expansion works around N f = 16 1 2 , where the light-by-light term is not small, being proportional to N f . In the vacuum polarization D-function, we neglected a similar light-by-light type term. As explained in Section 2.2, the correction expected in the D-function is smaller by a factor of ( f Q f ) 2 /N f , compared to the GLS sum rule case. This term is therefore not expected to break the BZ expansion for the D-function.
d) There is a noteworthy numerical cancelation between terms containing different irrational and transcendental numbers, that is responsible for the small w 2 values. This is particularly evident for the non-polarized Bjorken sum rule, where the rational term is roughly 8.07, the term proportional to ζ 3 is 38.45, and the term proportional to ζ 5 is −46.37, bringing the sum to about 0.155! Note that the case of the non-polarized Bjorken sum rule is special both in the fact that the O(a 3 0 ) coefficient in the BZ expansion already contains a ζ 5 term, and in large cancelation between irrational numbers that occurs there. e) In x F P H , which is a time-like quantity, all the π 2 terms that are related to the analytical continuation from space-like to time-like momentum that appear in the perturbative coefficients h i cancel out in the formula for the BZ series. This is in accordance with Sec. 3.3 § .
The BZ Expansion and the Crewther Relation
In this section we study the consequences of the Crewther relation [21] (see section 2.3) for the BZ expansions for the Bjorken sum rule and the vacuum polarization D-function. The first observation is that the Crewther relation can be used to evaluate the difference between the yet unknown O(a 4 0 ) coefficients in the BZ expansion of the two observables. This observation is based on the fact that from the third relation in (37) one can obtain k 3,0 − d 3,0 , the exact the difference between the 4-loop coefficients of the Bjorken sum rule and the vacuum polarization function at N f = 16 1 2 : by substituting β 0 = 0 the only unknown, namely S 3 , is eliminated. The result is: coefficients should be small. Thus also their difference should also be small. And indeed, using (80) this difference can be calculated directly, to give:
Thus the Crewther relation is consistent with a very small O(a 0 4 ) coefficient in the BZ expansions for both the D-function and the polarized Bjorken sum rule, with the caveat that it is also consistent with a common large contribution for both quantities.
Another (related) observation is that thanks to the conformal Crewther relation at the fixed point (41), the BZ coefficients of the vacuum polarization D-function can be calculated directly from those of the Bjorken polarized sum rule, and vice versa.
The BZ expansion of the D-function can be obtained from that of the Bjorken sum rule in two ways. In the first, one writes down the d i coefficients in terms of the k i using (37) . Then one uses eq. (63) to calculate the BZ coefficients, where one finds that all the S i terms just cancel out, to obtain:
The second way is by first calculating the BZ expansion for the Bjorken sum rule, using eq. (63), as in (68), and then substituting the entire series into the conformal Crewther relation (41), and finally expanding the rational polynomial again in terms of a 0 . The two methods are equivalent order by order. The practical implication of this is the following: if the BZ series indeed converges fast, then the rational polynomial one gets by substituting the BZ series for the Dfunction in the conformal Crewther relation (41) should itself be numerically close to the power expansion (74). Its higher-order coefficients should provide some rough estimate of the unknown higher-order terms. We present such an analysis in fig. 7 , where we show both the straightforward BZ expansion for the vacuum polarization function, and the result of substituting the BZ expansion for the Bjorken sum rule in (41) . The caveat is that the results of this analysis could be invalidated if there are higher-order effects that break the BZ expansion, and are common to the D-function and the Bjorken sum rule.
The Derivative of the β function
Following ref. [6] we now consider the derivative of the β function at the fixed point, defined by:
From refs. [2, 6] we adopt the following form for the β function:
where H(x) is a power series in the coupling H(x) = H 0 + H 1 x + · · ·, andγ = γ/β 0 . γ is called a "critical exponent" since it determines the rate at which the coupling approaches the fixed point according to
where Λ eff is the observable-dependent QCD scale [6] . It is well known that γ is independent of the renormalization scheme, so long as the transformations relating the different schemes are non-singular (see ref. [35] and appendix B in ref. [6] and references therein).
It is straightforward to obtain the BZ expansion forγ by substituting eq. (58) in eq. (83) and expanding in powers of a 0 . The result is:
where 
The coefficients g i can be proven to be universal [15] , in the sense that they are the same for any physical quantity, in agreement with the expectation that γ is independent of the renormalization scheme in which the β function is defined. We now turn to the results. The BZ expansion forγ gives: 
According to ref. [6] , the divergence of the γ series is not so bad to exclude the possibility of a perturbative fixed point for the physical case of a 0 = 0.36 (N f = 2 
The difference between the two PA predictions above provides an estimate of the uncertainty that we have assuming that g 4 is close to zero. We therefore disagree with the assertion of [6] that a reasonable estimate for c 4,−1 can be obtained from the assumption that g 3 = 0. It is interesting that the g i -s are the same, not only for physical schemes, but also for MS , even though the MS coupling is unphysical.
Conclusions
The main question one would like to answer is at what N f does the BZ expansion break down. Unfortunately, three terms in the expansion are not quite enough to provide a definite answer. In order to measure the convergence of the BZ expansion, we study the N f dependence of the ratio of the O(a 0 3 ) term and the partial-sum:
w 2 a 0 3 /x F P provides some rough measure of the convergence of a series: a divergent series where all the terms are equal and positive yields a ratio of 1/3 above. If the signs oscillate, it yields 1. This ratio is presented in fig. 6 for the various BZ series. It is evident that the BZ expansion behaves differently for different physical quantities: while the expansion for value of the effective-charge at freezing seems to converge for any N f for the polarized and non-polarized Bjorken sum rules and for the vacuum polarization D-function, it breaks down early for the GLS effectivecharge (due to the light-by-light type terms), for the hadronic Higgs decay width effective-charge, for the static potential effective-charge and for the critical exponent γ. It seems that the BZ expansion is reliable down to N f = 12 in all cases, a point we shall come back to below.
We conclude this section by comparing the picture one obtains for perturbative freezing from the two approaches studied, namely, finding zeros of the β function in an 'optimized scheme', and the BZ expansion. As a representative example, we choose the vacuum polarization D-function, and show in fig. 7 the value of the effective charge at freezing, as calculated by the ECH and PMS methods, together with the results from the BZ expansion. For the latter, we show both the result of a direct calculation (75) and the one obtained from the BZ expansion for the Bjorken sum rule using the conformal Crewther relation.
We interpret the difference between the ECH and PMS results, as an intrinsic uncertainty of the 'optimized scheme' approach in this context. Similarly, we interpret the deviation between the two BZ results as a measure of the intrinsic uncertainty of the BZ approach, related to the fact that we are using a power expansion in a 0 , rather that a more generic function of a 0 .
From the comparison of the two approaches for calculating x F P D , i.e. ECH/PMS vs BZ, we conclude that for N f > ∼ 6, the three-loop result can lead to a perturbative fixed point -as shown in fig. 7 , the two methods agree, and predict a relatively small effective coupling in the infrared limit: x < ∼ 0.3. We emphasize again that a zero in the truncated ECH/PMS β can be easily washed out by higher order corrections. An extreme example is provided by the Higgs decay width effective charge, for which at the 3-loop order it seems that there is a reliable fixed point, but in fact the perturbative series breaks down.
The fact that various (space-like) effective charges run according to a very similar RG equation (at least up to 3-loops order) suggests that perturbative freezing will occur together and therefore that perturbative freezing at high enough order can be indicative for the existence of a fixed point in the full theory.
The BZ expansions for the D-function, the polarized and the non-polarized Bjorken sum rules show fast convergence up to order O(a An early break-down of the BZ expansion for physical quantities was identified for the critical exponent γ, for the static potential, for the derivative of the Higgs decay width and for the GLS sum rule.
If we assume that existence of a genuine fixed point will be realized in a perturbative manner, then we should expect convergence of the BZ expansion for any (infra-red finite) physical quantity. Using fig. 6 , this leads to a prediction that
This result agrees with the results of Appelquist et al. [10] , which are based on non-perturbative calculations and also with lattice simulations they refer to. On the other hand, it contradicts the results other lattice simulations [9] . Although this is outside the main subject of this paper, we emphasize again a nice feature of the perturbative expansions in QCD, that was noticed in two different occasions in the previous sections. This is the idea that the strong numerical cancelation between different irrational numbers (in QCD these are the ζ i terms) is usually not accidental and most likely provides an indication of some yet unknown deep relation that is encoded in the perturbative coefficients. Such a cancelation was found in the difference between the second RG invariants of the D-function and of the Bjorken polarized sum rule, as well as in the O(a In this section we concentrate on the vacuum polarization D-function and the timelike observables that are related to it through dispersion relations: R e + e − and R τ .
The three loop analysis [1, 12] , based on the β function in an 'optimized scheme', as briefly outlined in Sections 2.1 and 2.2, suggests that the D-function effective charge does not freeze for N f ≤ 4, while the related time-like quantities do. The differences between the values of the time-like and space-like effective charges at freezing become significant already at N f < ∼ 8. On the other hand, in the framework of the BZ expansion, the time-like and space-like quantities have the same expansion for the value of the effective charge at freezing. In the following sections we shall examine this issue on a deeper level. We will show that it is inconsistent to discuss perturbative freezing of x R (or x τ ) when the corresponding space-like effective charge has a "Landau-pole". We will also explain that the terms that are related to the analytical continuation are not supposed to change the value of the effective charge at freezing, i.e.
We start by recalling [26] the analyticity properties of the D-function and the relations between the D-function and R e + e − . From the optical theorem
where Π(Q 2 ) is defined in (21) and s > 0 is a time-like momentum. From causality one expects that the only singularities of Π(Q 2 ) are on time-like axis, i.e. on the negative real axis: Q 2 = −s with s > 0. The spectral density function, β R (s) is defined by
Clearly β R is also the β function for the coupling x R . Differentiating (94) one obtains a similar relation between β R and the space-like D-function effective charge (22),
Based on the above, one can express the D-function as a dispersive integral over R e + e − ,
The relations between the coefficients of the corresponding effective charges x R and x D (27) are directly obtainable from (97), as explained in ref. [26] . The inverse relation is:
where the integration contour lies in the region of analyticity of D(−s), that is, around the cut Re{s ′ } > 0. The contour can also be deformed to a circle,
Relations (98) and (99) are also true for the corresponding effective charges, i.e.
replacing R e + e − and D(Q 2 ) by x R and x D , respectively, for instance,
It is clear from eq. (100) that the infrared limit of R e + e − (s) equals that of the D-function if the latter exists: assuming the D-function does not have an essential singularity at s ′ = 0, we have
and thus for small enough s the only singularity within the integration contour is the simple pole at the origin. From Cauchy's theorem one then obtains
From this argument one learns that the infrared limit of the exact R e + e − equals to that of the exact D-function. But does this hold in perturbation theory? The results of the 'optimized scheme' approach and the BZ expansion indicate that this is a delicate question. This issue is discussed further in the following sections.
The analogous issue for R τ will not be discussed in detail in this paper, but most of our results are quite general and apply to it directly, since this quantity is related to the D-function in a similar way [31] :
Like in the R e + e − case, it can easily be shown that when D(−xm 
The analyticity structure of the D-function
The physical quantity which can be measured directly is the time-like x R , or its derivative β R (s), and not the space-like effective charge x D (Q 2 ). On the other hand, the perturbative calculation yields x D (Q 2 ). Naively, there is no problem to obtain β R (s) from x D via eq. (96). This is done by analytically continuing the perturbative x D (Q 2 ) to time-like momentum Q 2 = −s, where s > 0, and taking the imaginary part. Alternatively, one can obtain x R (s) from eq. (100). Unfortunately, the analyticity structure of perturbative x D (Q 2 ) is inconsistent with this procedure. The relations between x D and x R are based on the assumption that x D (Q 2 ) is analytic in the entire complex Q 2 plane, excluding the negative real axis, Q 2 < 0. On the other hand, a 1-loop perturbative result for x D (Q 2 ) violates causality, since it has a "Landau-pole" at positive real Q 2 = Λ 2 QCD , in addition to the cut at Q 2 < 0. In general, higher-order corrections to the β function create a more complicated analyticity structure which also violates causality. Another way to see this problem is that eqs. (98) and (99) lead to different results for x R with the same D function taken as input. This point is discussed in ref. [5] .
In case of perturbative freezing, x D (Q 2 ) is finite for any positive real Q 2 . One might then be tempted to conclude that freezing saves causality. This is not necessarily the case, however, since in principle x D (Q 2 ) could still be singular at some complex Q 2 , while causality requires x D (Q 2 ) to be analytical in the entire complex Q 2 plane, apart from the time-like axis. Thus the resolution of the causality question requires full knowledge of the x D (Q 2 ) singularity structure. As we shall shortly demonstrate, the latter can be obtained explicitly.
Before investigating in general whether freezing saves causality, we study a specific numerical example, where we demonstrate how perturbative freezing leads to an x D (Q 2 ) which is consistent with causality. We work with a 2-loop β function
where t = ln(Q 2 /Λ 2 eff ), and for illustration purposes we take the hypothetical case β 0 = 1 and c = −10.
We will see that the solution of (102) defines a unique mapping from the entire complex Q 2 plane (except the time-like axis) into a compact domain in the complex x D plane [38] . This domain does not contain the point x D = ∞.
A straightforward integration of (102) yields:
In order to study the solutions of (103) in the complex plane, it is convenient to define:
where p ≥ 0 and −π ≤ η < π, and
where both r and k are real. Eq. (103) can then be written as two equations for the real and imaginary parts
and In order to verify that there are no other singularities in the complex Q 2 plane, we explicitly find the domain in the complex x D plane into which the entire Q 2 plane is mapped through (103). This is done by taking a contour around the cut and solving eqs. (106) and (107) as shown schematically in the upper part of fig. 8 . The resulting contour in the x D plane is presented in the lower part of fig. 8 . Clearly, the particular choice of the contour around the cut is arbitrary, but a contour that is closer to the cut (smaller ǫ and p 0 ) would correspond to an x D domain which is only slightly larger. We see that the entire complex Q 2 plane is mapped into a compact domain in x D plane. Thus there are no spurious singularities in the complex Q 2 plane and so causality is preserved.
We emphasize that the solution of eqs. (106) and (107) described by this particular mapping is not unique and there exist other branches of the solution. However, none of them corresponds to a real coupling x D along the positive real Q 2 axis. It is this requirement that guarantees uniqueness of the solution.
Returning to the more general case of a 2-loop β function, we will now show that perturbative freezing alone (c < 0) is insufficient to ensure that the analyticity structure of x D (Q 2 ) is consistent with causality. A further condition is required, namely that |c| > β 0 .
The solution of the RG equation at the 2-loop order (102) in the complex Q 2 plane can be written in terms of the so-called Lambert W function [39] , which is defined by W (y) exp [W (y)] = y :
W (y) is a multi-valued function with an infinite number of branches, denoted by W n (y). We follow [39] as for the division of the branches and notation. The requirement that x D (Q 2 ) is real and positive for a real positive Q 2 (at least for Q 2 ≫ Λ 2 eff ), is sufficient to determine the relevant branch: for c > 0 the physical branch is W −1 (y), taking real values in the range (−∞, −1), and for c < 0 the physical branch is the principal branch, W 0 (y), taking real values in the range (−1, ∞).
We now need to check if the singularity structure of x D (Q 2 ) in (108) is consistent with causality. Let us first consider the case c > 0: W −1 (y) has two branch points, at y = 0 and at y = −1/e, which are the endpoints of two cuts stretching to y = −∞. 
which implies that there is a "Landau singularity" on the space-like axis. Thus for c > 0 the singularity structure is inconsistent with causality. For c < 0, the physical branch W 0 (y) has only one branch point at y = −1/e, with a cut stretching to y = −∞. In the complex Q 2 plane this corresponds to branch points, i.e. "Landau singularities", given by (109). Two different possibilities exist: a) c < 0 and |c| < β 0 . There is a pair of singularities in the complex Q 2 plane. b) c < 0 and |c| > β 0 . There are no singularities in the first sheet and the perturbative solution is consistent with causality. In this case x D (Q 2 ) maps the whole complex Q 2 plane into a compact domain in the coupling plane. The latter situation was illustrated above in the example with β 0 = 1, c = −10.
We will not consider here the higher-order β function. We expect that also in this case there are regions of parameter space resulting in an analyticity structure consistent with causality, i.e. allowing the mapping of the entire complex Q 2 plane into a compact domain in the complex coupling plane. On the basis of the experience with the two-loop β function, we conjecture that causality will be preserved by a wide subset, but not by the entire parameter space for which perturbative freezing holds. In general, the perturbative result does not have the analyticity structure implied by causality, and therefore does not obey the dispersion relation of (96) and (97). There is a way, however, to start from the perturbative β function and impose the dispersion relation on it: this is the so-called Analytic Perturbation Theory (APT) approach, which is the subject of the next section.
Analytic perturbation theory approach
The objective of the APT approach [5, 4] is to achieve the required analyticity structure, while retaining the correct perturbative behavior in the ultraviolet region.
The technique is based on solving eqs. (106) and (107) on the negative real axis, i.e. for η = −π. This can be done starting with the RG equation at any order. For instance, suppose we work at the 3-loop order and define the coupling x(Q 2 ) in some arbitrary scheme and scale. Then
The imaginary part of x D (−s) yields the spectral density function β R (s):
where x(−s) ≡ r(t)+ik(t), and t = ln(s/Λ 2 eff ), where s is time-like, s > 0 (cf. (105)).
The only case where the APT spectral function can be obtained in a closed form is for the 1-loop β function. Substituting c = 0 and η = −π in eqs. (106) and (107), one obtains two algebraic equations for r(s) and k(s), whose solutions are:
The spectral density at this order is simply
Integrating the spectral density yields the time-like effective charge x R :
This is a positive, continuous and monotonically increasing function of s for any s > 0. Its infrared limit is 1/β 0 . In the ultraviolet region this function approaches the 1-loop perturbative result x R (s) −→ 1/(β 0 t). It has been recently emphasized (see the last ref. in [5] ) that the results of the APT approach do not depend much on the renormalization scheme and scale. The reason for this stability (which has not been given in [5] ) is rather simple to understand already from the 1-loop result: a scale or scheme transformation at this order amounts to a shift in Λ: Λ −→Λ. It is clear that the π 2 term in the denominator of (112) "hides" variations in Λ which are not too large.
In order to study the higher order terms that make the APT result different from the standard perturbative 1-loop result, we construct the expression for the spectral density β R (which is also the time-like β function) in terms of the effective-charge x R . The perturbative regime corresponds to s > Λ 2 , so we can now ignore the θ function in the inversion of (113), obtaining
We then substitute (114) in (112) and obtain: Following [5] we construct the corresponding space-like effective coupling, which is defined through the dispersion relation (97). The integral can be performed analytically, and yields
The 1-loop APT effective coupling result (116) contains a first term that is just the 1-loop perturbative result and a second term that exactly cancels the "Landau-pole". Since this term is a power correction, it does not alter the perturbative ultraviolet behavior. Let us summarize the characteristics of the APT result, which are demonstrated above: by construction x APT (Q 2 ) has a cut at Re{Q 2 } < 0 and no other singularities in the complex plane, and in this sense it is appropriate to describe the D-function. Again, by construction, the APT result is consistent with the requirement that the time-like and space-like infrared limits are equal x R (0) = x APT (0). At 1-loop the infrared limit value is x APT (0) = 1/β 0 .
We stress that there is an important difference between perturbative freezing, that leads to a finite infrared limit within perturbation theory, and the APT approach, where x APT (Q 2 ) is not purely perturbative, as it contains power corrections that are due to the imposed analyticity. The non-perturbative nature of the APT result is less transparent on the time-like axis, where, as we saw, the APT approach can be viewed as a method to resum the infinite series of terms that are related to the analytical continuation. All-order resummations are in general dangerous. It is well known that the perturbative series itself has a zero radius of convergence, and that it is even non Borel-summable (see, for instance, [41] ). Therefore, an allorder resummation of a partial series can yield any arbitrary result. One has to be convinced that a resummation procedure yields a result that is closer to the exact one, before utilizing it. It is important to understand that analyticity alone is not enough to set the infrared limit: one can still add further power corrections which can alter the infrared limit without violating the expected analyticity structure [40] .
From the 1-loop APT result it is transparent that the terms in β R which are due to the analytical continuation have nothing to do with the existence of an infrared fixed point in QCD. Still, one can use the APT result to analyze the instability found in the predictions for the fixed point in the 'optimized-scheme' method (Sec. 2.5). As we saw, the fixed point of the "all-order" 1-loop APT result is at x R , it does not have a non-trivial fixed point. At higher-orders, the β function has a non-trivial zero only when the series is truncated at an even power of x 2 R . Moreover, the convergence of the corresponding fixed point values to the limiting "all-order" value is quite slow.
For instance, the deviation at order x 4 R is 45%, at order x 8 R it is 26%, and at order x it is 12%. This exercise shows that one cannot trust the value one gets by applying the 'optimized scheme' procedure to time-like quantities.
Until now we discussed the APT approach for the 1-loop β function. It is interesting to see how the APT results change when higher loops are included. As in Sec. 4.2, we restrict our discussion to the 2-loop case. Starting from eq. (103) and performing analytical continuation by taking Q 2 = −s with s > 0, we obtain:
As mentioned in the previous section, inverting this implicit relation is non-trivial. In fact, there is an infinite number of solutions for x D (−s):
for any integer n. As explained in detail in [42] , uniqueness of the APT coupling is guaranteed only if the time-like solution x D (−s) is obtained from the physical spacelike solution in such a way that for |Q 2 | ≫ Λ 2 the coupling x D (Q 2 ) is continuous for a continuous change of the phase of Q 2 . From here one proceeds, just as in the 1-loop case, by taking the imaginary part β R = −(1/π)Im{x D (−s)} and finally calculating x APT using (97), as in (116).
While a full description of the analytic continuation from the space-like to the time-like axis using the various branches of the Lambert W function is postponed to [42] , we briefly present here some of the conclusions concerning the APT infrared limit. There are two possibilities: if c < −β 0 < 0 (the perturbative solution is consistent with causality) the APT coupling coincides with the perturbative one and the infrared limit is x APT (0) = x D (0) = −1/c. Otherwise, for c > −β 0 , x APT (0) = 1/β 0 . Note the the latter is relevant both for −β 0 < c < 0 cases, where there is a pair of complex singularities in the complex Q 2 plane, and for c > 0 cases, where there is one space-like singularity.
Conclusions
In this work we investigated the possibility that there is an infrared fixed point in QCD with N f flavors, 0 ≤ N f ≤ 16 1 2 , that can be identified from perturbative calculation. We examined the effective running coupling constant, defined from several QCD observables in the 'optimized scheme' approach and by the BZ expansion.
We showed that several different (space-like) effective-charges behave similarly to one another. This suggests that freezing occurs for all of them together and therefore that perturbative freezing may be indicative of a genuine fixed point.
In general, the ECH/PMS approach, when applied to space-like quantities at the 3-loop order indicates a possible perturbative fixed point for N f > ∼ 5. It is clear, however, that the knowledge of higher-order corrections is essential for a conclusive answer. While for some observables the BZ expansion has small coefficients suggesting that it converges down to low N f , in other physical schemes it breaks down quite early. Assuming that existence of a fixed point means that the BZ expansion should converge for any physical quantity, we get a prediction that N crit f > ∼ 12.
We emphasized a fundamental difference in QCD between the infrared behavior of quantities naturally defined for space-like and time-like momentum. We showed that perturbative freezing is a necessary (but not a sufficient) condition for consistency of perturbation theory with a causal analyticity structure. When the infrared finite perturbative coupling has a causal analyticity structure it coincides with the APT coupling.
We emphasized that freezing leads to the equality of the time-like and spacelike effective couplings at the fixed point. In this context it is important to stress that the terms due to the analytical continuation in the time-like β function are in principle not related to perturbative freezing. In the BZ expansion such terms cancel out, making it more reliable than the 'optimized scheme' approach, where they can lead to the appearance of spurious infrared fixed points. 
